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A Novel Frequency-Domain Small-Signal Analysis
of Resonant Power Converters

Gideon J. J. van Zyl

Abstract—A frequency-domain small-signal analysis of res-
onant power converters is presented. In this analysis, the load
presented to the ac side of the rectifier is modeled as a time
varying resistor. Using conversion matrix techniques and an
iterative procedure to find the magnitude and phase of the time-
varying resistor, the transfer functions of the converter can be
obtained fast and accurately. An advantage of this approach is
that the analysis can be carried out with the load represented
in the frequency domain. This is a significant advantage when
dealing with complex (e.g., plasma) loads where only measured
small-signal impedance data may be available. An example
demonstrating the accuracy of the method is presented.

Index Terms—Conversion matrix, frequency domain, resonant
power converter, small-signal analysis, transfer function.

1. INTRODUCTION

ARIOUS methods exist for obtaining the linearized

small-signal transfer functions of resonant power con-
verters [1]-[4]. These methods all require a representation of
the load by equivalent lumped components or assume a simple
topology for the load.

Here, a method of determining the linearized small-signal
transfer functions of resonant converters delivering power to ar-
bitrary loads is presented. Both the converter and load are de-
scribed in the frequency domain leading to a greatly simplified
analysis for complex load and converter topologies. In the anal-
ysis presented here it is assumed that the converter operation is
described with a reasonable degree of accuracy if only the fun-
damental harmonic of the switching frequency is considered.

The analysis applied to a practical series-parallel resonant
converter operating above resonance is presented in Section III.

II. ANALYSIS

Consider a resonant converter delivering power to a reactive
load where the converter is modulated. (Amplitude and fre-
quency modulation are treated within the same framework.)
Modulation of the converter results in a modulated load voltage.
Since the load is reactive, the variation in load current is not
necessarily in phase with the variation in the load voltage.
When viewed from the ac side of the rectifier, the ratio of
current to voltage varies at the modulation frequency. The load
presented to the ac side of the rectifier, thus takes the form of a
time-varying resistor. This is illustrated in Fig. 1.
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Fig. 1. Resonant converter and the representation to determine the small-signal
linearized transfer function.

The analysis of the converter comprises two steps. The first
step involves an accurate determination of the load presented
to the converter at the nominal switching frequency and subse-
quently the nominal load voltage. This step is dependent on the
specific configuration of the converter and the load and is out-
side the scope of the present discussion. (See [5] for an example
of how this step might be performed in a particular case. Figs. 2
and 3 show a particular topology and the equivalent circuit for
this topology.)

Assume that the first step of the analysis determined that
the equivalent load presented to the converter at the nominal
switching frequency consists of a resistor R; in parallel with a
capacitor Cj. (In general, the equivalent load takes the form of a
resistor in parallel with either a capacitor C; or an inductor L;.)
The converter including C; (or I;) is converted to a Thévenin
equivalent source Y. Various convenient scaling schemes can
be applied. In this case, assume that without any modulation,
vin(t) = V4, cos(wot), where wy is the nominal switching fre-
quency and V,, is scaled such that the peak amplitude of the
voltage v is equal to the average value of the load voltage. (e.g.,
in the case of a lightly loaded three phase converter the value
of V,, would typically be (4/27) x v/3 x 0.955 times the bus
voltage.)

Let the converter be modulated at a frequency of ws rad/s.
Since we are interested in a small-signal analysis, we may as-
sume that the load conductance can be expressed as g(t) =
gde + gac cos(wst + @), that g is small and that g4 = 1/R;.

Let y be the impulse response associated with the Thévenin
equivalent source admittance Y and let * denote convolution.
Then, the circuit satisfies

v(t)g(t) = [(vin = v) ¥ y](2).

Using the definition
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Fig.2. Circuit used to illustrate the accuracy of the method. The independent sources B1-B3 generate modulated square waves. The source B4 generates a voltage
equal to the instantaneous frequency or bus amplitude for frequency and amplitude modulation respectively. More details are given in the appendix.
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Fig. 3. Equivalent circuit for the converter of Fig. 2.

for the Fourier transform and extending the definition to distri-
butions in the usual way, the circuit satisfies the following equa-
tion in the Fourier frequency domain

LVsGw) = (Vaulw) - V@) Yw). Q)

2

F
With the given definition of the Fourier transform, = denoting
a Fourier transform pair and é the Dirac delta or impulse distri-

bution, cos(wot)éw[é(w +wp)+6(w—wp)] while 1é2m§(w).
Thus
F . _
9(1)=21gac6(w) + Tac [e728(w + wes) + 7?8 (w — ws)] .

As a result of the convolution with g, V' has to take the general
form! (with the factor 7 introduced for convenience)

Vw)=m Z ViEd(w + wo + kws) + Vid(w — wo — kws).

k=—o00

IFor a discussion in the context of mixer theory, see, e.g., [6].

By truncating the series, one obtains

N
Vw)=r Z Vid(w + wo + kws) + Vid(w — wo — kws).
k=—N

This leads to?

e ®
1 oo

2,

V(z)G(w —z)dx

— 00

.00 N
/ T Z (ViFo(x 4+ wo + kws)
=% k=N

+ Vib(x — wo — kws))
X (gdcé(w —z)+ %[67]’4)5(441 —z+ ws)

+ e?6(w—x — wé)]) dx

N )
=7 Z / (Virb(z + wo + kws)
k=—N /=00
+ Vib(x — wo — kws))

X (gdc5(w —z)+ g%[e*j‘b&(w — 1+ ws)

+ ?6(w—x — LL)&)]) dx

2In this paper, the Dirac distribution is handled nonrigorously. A rigorous
treatment, e.g., treating 6 as a functional on the set of compactly supported C'>°
functions and using an appropriate definition for convolution on this space, is
outside the scope of the present discussion.
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N
=7 Z Vil gacd(w + wo + kws)
k=—N

V* gac —J‘bé(w + wo + kw(s + (.dﬁ)

+ V= qac e”’&(w + wo + kws — ws)
+ ngdc5(w — wo — kws)
+ ng%e_jd’(s(w — wo — kws + ws)

+ Vi %6]45(5(0.) —wop — kws — ws | -

We are interested in the case where vjy, is the Thévenin equiv-
alent source of either an amplitude or frequency modulated sinu-
soidal source at a modulation frequency of ws. Let T'(w)e/¥(®)
be the transfer function that converts the actual source to the
Thévenin equivalent source with both 7" and 1) real valued. For
frequency modulation at a small modulation index K, the ac-
tual source is represented in the time domain as

AK AK
A cos(wpt) + L cos(wo + ws)t — L cos(wo — ws)t
2ws 2ws

so that, for frequency modulation, we have

Vi) = 74 Tan) [ 70+ )

+ eIV @0)§(w — wo)}

T K j
¢ 0 S ompotrtin)son 1w +wp)

2wg
+ ejw(wf)"'wﬁ)&(w —wp — Wé)}
_Tlwo — ws) Ky [0 ) 5w+ wy — wp)
2ws

+ eIV @omw) 5y — g + wg)H .

Similarly, for amplitude modulation with modulation index K,
we find

Vi) = 7 |Tlen) [0 + )

+ ej"/’(“’o)é(w — wo)}

+ T(wo + ws)Ka
2

b oedteoten) 5y g — wﬁ)}

T(wo — ws)K,
2

+ ej"/’("-’o*wé)(s(w — wo + CL)(S):|:| .

[e—jw(wo+w6)5(w + wo + ws)

+ I:e*ﬂf(“-’O*wﬁ)(S(w +wo — w§)
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In general
Vin(w) = m[Vin16(w + wo + ws)
+ Vingd(w + wo) + Vin™16(w + wo — ws)
+ Vin—16(w — wo + ws) + Vingd(w — wo)
+ Vin10(w — wo — ws)]
where

T(wy—ws)Ks
[‘/in_l ‘/in(] ‘/inl] — A _ ((U() (U(S) fe]T/J(UJO*wﬁ)
2ws

T(wo)ei o) Lo F O i)
2wsg
for frequency modulation and

[V 1 Vino Vi 1] =A [—T(wo — ws) Ko eI (wo—ws)
mn— m m 2
T(wg)ei*(ww) Lo+ wo) K ejﬂ’(wo-l-wﬁ)]
2

for amplitude modulation.
We can now compare multipliers of §(w — wg — lws) on the
left and right side of (1). On the left-hand side, we have

Vigde + Vi %e*ﬁb + ﬂ/,_l%ew

while on the right-hand side, we have

—mViY (wo + lws), l¢{-1,01}

(=mVi+ 7Vin_1)Y (wo —ws), [=—1
(=7Vi + 7Vino)Y (wo), 1=0
(Vi 4+ 7Vin1)Y (wo +ws), [=1

This leads to the conversion matrix equation
B Y(a)o —ng)(—V_N) T

Y (wo — 2ws)(=V )

Von Y(wo —ws)(—=V_1 + Vin_1)
C I = Y (wo)(=Vo + Vino)
Vi Y(wo + ws)(=V1 + Vin1)

Y (wo + 2ws)(—Va)

L Y(wg—l-Nw(s)(—VN) i
where the equation at the bottom of the page, holds, or

0
0
Ven Y (wo — ws)Vin_1
=M Y (wo)Vino
Vy Y (wo + ws) Vi1
0
0

where the first equation at the bottom of the next p-age, holds.

Jde 0.5gace™7? 0 . 0

0.5¢ac€’? Jde 0.5gace ¢ 0 0

G = 0 0.5gace”? Jde 0.5gace™? 0 e 0
0 0 0'5gacej¢ 9de
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Thus, if we guess what g,. and ¢ are, we can calculate the
spectrum of v. Since we are dealing with small perturbations,
the only significant terms in the spectrum are V_1, Vj, and V;.
Next, we calculate the change in the envelope of v. (This is
a standard calculation [7].) Due to the scaling that we chose,
this is the variation in the load voltage. Let the load voltage be
Vde + Uac cos(wst + o). Then, the load current is given by

vdchoa(i(O) + |}/load(w§)|/vac COS(W(St +o0+ arg(}/load(wﬁ)))

where Y}aq(w) is the load admittance at frequency w. This al-
lows us to calculate a new estimate of g(t), say §(¢) as shown in
the second equation at the bottom of the page. This expression
has the general form

a+ beos(t+6)

c+dcos(t+ )’
Since d is assumed to be small in relation to ¢, we can expand
this as a Taylor series to get

a+ bceos(t + 0)

c[1+ Lcos(t+ ¢)]

%h+bmdﬂ+@ﬂl—%C%@+Wﬂ

a+bcos(t+6)
c+dcos(t+¢)

Q

Q

a d b
) cos(t + o) + Ecos(t +6)
a _ .

Pl | X + jY|cos(t + arg(X + jY))

where

Thus, we get the estimates j.. = | X 7Y | and ¢ = arg(X +
jY'). The argument appears circular, and indeed it is, but it can
be solved numerically by defining e(gac, ) = (§ac— Jac, b— ?)
and then using Newton’s method with a numerically calculated
Jacobian to adjust g, and ¢ until €(gac, ) = (0,0). Once we
have a solution we also have the spectrum of v and that allows

us to compute all the desired transfer functions.

III. EXAMPLE

Consider the three-phase series-parallel resonant converter
shown in Fig. 2. In this circuit, PH1, PH2, and PH3 are square
waves with a nominal switching frequency of 117.5 kHz. This
particular switching frequency results in a large resonance
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Fig. 4. Magnitude and phase of the transfer function (Output voltage/
Switching frequency) V/(rad/s) for the converter of Fig. 2. The solid line is the
transfer function calculated as described. The circles are the result of a Fourier
analysis of a SPICE simulation as described in the appendix.
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Fig. 5. Magnitude and phase of the transfer function (Output power/
Bus voltage) (W/V) for the converter of Fig. 2. The solid line is the transfer
function calculated as described. The circles are the result of a Fourier analysis
of a SPICE simulation as described in the appendix.
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Fig. 6. The result of running the simulation with a modulation frequency of 20 kHz. The instantaneous frequency deviation (labeled 1) varying between —2000
and 2000 rad/s as well as the voltage over the load are shown. Only a portion of the simulation time of 1 ms is shown.

in the frequency response, thereby making the analysis more
interesting.

The equivalent circuit of the converter is shown in Fig. 3.

For this particular circuit, the scaling that needs to be applied
to create a sinusoidal source such that the amplitude of the output
isequal to the average load voltage is 1.053 times the bus voltage.
This is the product of the factors 2/7 to obtain the amplitude of
the fundamental component of a square wave, the factor v/3 for
the three phases and the factor 0.955 to get from the peak to the av-
erage value of the output voltage. The load presented to the equiv-
alent circuit of the converter is found to be B, = 51.83 Qin
parallel with a capacitor C.q; = 18.51 nF. (These values can be
obtained using a procedure similar to that described in [5]. The
values used here were found using a different method [8].)

The results of the analysis as described above compared with
SPICE simulations are shown in Figs. 4 and 5. Fig. 4 shows
the transfer function from a change in switching frequency to a
change in load voltage while Fig. 5 shows the transfer function
from a change in bus voltage to a change in power delivered to
the load.

IV. CONCLUSION AND OBSERVATIONS

A new frequency-domain method for obtaining the small-
signal transfer functions of resonant power converters has been
presented. A significant advantage of this method is the fact that
the load is represented in the frequency domain. This makes
possible the use of measured load impedance data for complex
loads.

It should be noted that the magnitude of the calculated
transfer function is significantly higher at the resonant peaks
than predicted by SPICE simulation (see, e.g., Fig. 4 at around
24 kHz.) The reason for this inaccuracy is not understood, but
it is interesting to note that the same type of inaccuracy is noted
in [1, Fig. 16(d)], in which a completely different approach to
the problem is taken. It would be interesting to determine the
reason for this inaccuracy.

A. Details of the SPICE Simulation

Time-domain simulations of the circuit shown in Fig. 2 were
carried out with a maximum time step of 10 ns. Data were saved
every 100 ns from 1 ms to 2 ms (up to 11 ms for low frequency
modulation). To speed up the simulation, initial conditions cor-
responding to the nominal output voltage and current were used
for C7 and L4.

For frequency modulation, the following SPICE code was
used for the independent voltage sources where df is the mod-
ulation frequency in hertz (changes between simulations), fsw
is the nominal switching frequency in hertz, and kf is the am-
plitude of the frequency deviation in radians per second.

.param fsw = 117.5 k

.param df = 20 k;

.param wsw = {fsw*6.283 18531}
.param dw = {df*6.283 18531}
.param kf = 2000;
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B4 Freq 0 V = {kf} *xcos({dw} * time)

Bl PH1 0 V = cos({wsw} * time + {kf/dw} * sin({dw} *
time)) > 0 7 274.3 : —274.3

B2 PH2 0 V = cos({wsw} * (time — 2.0943951/({wsw} +
{kf} * cos({dw} * time)))+

{kf/dw} * sin({dw} * (time — 2.0943951/({wsw} +
{kf} = cos({dw} = time))))) > O 7 274.3 : —274.3
B3 PH3 0 V = cos({wsw} % (time — 4.1887902/({wsw} +
{kf} * cos({dw} * time)))+

{kf/dw} * Sin({dw} * (time —4.188790 2/({wsw} + {kf} *
cos({dw} * time))))) > 0 ? 274.3 : —274.3

Fig. 6 shows the result of running the simulation with a mod-
ulation frequency of 20 kHz.
Following the SPICE simulation, the script

alias Vdc (v(loadp) — v(loadm))

Ipri (mag(@QL1[i]))

alias Iload (QL4[i] + @QR15[i])

alias Pwr ((QL4[i] + @R15[i]) * (V(LoadP) — V(LoadM)))
set fourgridsize = 8192

set nfreqs = 64

fourier 1k v(freq) Vdc Iload Ipri Puwr

alias

is run to determine the various transfer functions of interest. (The
fundamental frequency of the Fourier analysis is changed so
that the modulation frequency is an exact multiple of the fun-
damental.)

For determining the effect of a variation of the bus voltage,
the SPICE code for the independent voltage sources are changed
to the following. (ka is the modulation index.)

.param vrail = 548.6
.param fsw = 117.5k
.param df = 20k;
.param wsw = {fsw*6.283 18531}
.param dw = {df*6.283 18531}
.param ka = 0.04;
B4 Freq 0 V= {ka} * {vrail} x cos({dw} * time)
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B1 PH1 0 V = cos({wsw} x time) > 0 7 {vrail}/2 (1 +
{ka} * cos({dw} * time)) :

—{vrail}l/2 * (1 + {ka} * cos({dw} * time))

B2 PH2 0 V = cos({wsw}x*(time—2.0943951/{wsw})) >
0?

{vrail}/2x*(1+ {ka}*cos({dw}*time)) : —{vrail}/2x
(1 + {ka} * cos({dw} * time))

B3 PH3 0 V = cos({wsw}*(time —4.1887902/{wsw})) >
0°?

{vrail}/Q * (1 + {ka} * COS({dw} * time)) : —{vrail}/2 *
(1 + ka * cos({dw} * time)).
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